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We derive an exact expression for the time-averaged electromagnetic energy inside a chiral dispersive sphere ir-
radiated by a plane wave. The dispersion relations correspond to a chiral metamaterial consisting of uncoupled
single-resonance helical resonators. Using a field decomposition scheme and a general expression for the elec-
tromagnetic energy density in bi-anisotropic media, we calculate the Lorenz-Mie solution for the internal fields
in a medium that is simultaneously magnetic and chiral. We also obtain an explicit analytical relation between
the internal electromagnetic field and the absorption cross-section. This result is applied to demonstrate that
strong chirality leads to an off-resonance field enhancement within weakly absorbing spheres.
OCIS codes: 160.1585, 160.3918, 290.4020, 290.5825.
1. Introduction
Metamaterials are artificial structures with engineered
electromagnetic (EM) response that may exhibit un-
usual properties such as negative refraction [1], image
resolution beyond the diffraction limit [2], optical mag-
netism [3, 4], EM cloaking [5, 6], and slow light propa-
gation [7]. One possible route to achieve negative refrac-
tion requires that the real parts of the electric permittiv-
ity and magnetic permeability are simultaneously nega-
tive [1, 2]. This condition can be achieved with metama-
terials composed of periodic structures containing both
electric and magnetic resonators [1]. Another route for
negative refraction involves single-resonance chiral meta-
materials (CMMs), with neither electric permittivity nor
magnetic permeability negative required [8]. Although
physically different, both routes explore resonant meta-
materials, which are necessarily absorptive and disper-
sive.
The EM energy density in absorptive and dispersive
media, which is crucial for many applications in photon-
ics, was firstly derived for nonmagnetic materials [9] and
then generalized for composite magnetic media [10]. For
the particular case of wire-split ring resonator metama-
terials, there basically exist two methods to calculate the
EM energy density: the equivalent circuit [11] and the
electrodynamic [12] approaches. These methods were
shown to be non-equivalent and the apparent inconsis-
tency between them has been solved in [13]. Specially,
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this latter result has been recently used to calculate the
EM energy within a coated magnetic sphere [14], an im-
portant geometry for applications in plasmonics. The
methodology developed in [13] has been also employed to
derive the EM energy density stored in single-resonance
CMMs composed of uncoupled helical resonators [15].
To the best of our knowledge, the case of the EM en-
ergy within a dispersive sphere which is simultaneously
chiral and magnetic, such as the CMM composites, has
not been treated so far.
The aim of this paper is to derive an exact ex-
pression for the time-averaged EM energy inside a
CMM sphere and its connection to the absorption cross-
section. Based on the Bohren’s decomposition of the
EM field for optically active spheres [16], we obtain the
Lorenz-Mie solution for the internal fields in the mag-
netic case [17, 18]. We investigate the behavior of inter-
nal resonances inside the sphere (near-field) and their
corresponding resonances in the extinction efficiencies
(far-field). In particular, we derive an explicit expres-
sion for the absorption efficiency in terms of the internal
EM fields that reveals that strong chirality leads to an
off-resonance field enhancement within weakly absorb-
ing spheres.
This paper is organized as follows. In Sec. 2, we for-
mulate the problem of EM scattering by spherical CMMs
and derive the main analytical results of the paper. In
Sec. 3, we present the numerical results, whereas Sec. 4
is devoted to the conclusions.
22. Basic theory
Let us consider a plane and monochromatic EM wave
[E(r),H(r)]T exp(−ıωt), where ω is the angular fre-
quency and T is the transpose operator. This wave is
incident to a linear, spatially homogeneous and isotropic
CMM sphere, with radius a and dispersive optical prop-
erties [ǫ1(ω), µ1(ω), κ(ω)], where ǫ1 and µ1 are the elec-
tric permittivity and magnetic permeability, respec-
tively, and κ is the dimensionless chirality parameter.
The surrounding medium is assumed to be the vacuum
(ǫ0, µ0) and the constitutive relations concerning to the
sphere material are [15]
D1 = ǫ1(ω)E1 + ı
κ(ω)
c
H1 , (1)
B1 = µ1(ω)H1 − ı
κ(ω)
c
E1 , (2)
where c = 1/(ǫ0µ0)
1/2 is the speed of light in vac-
uum and ı2 = −1. The refractive indices associ-
ated with the right-circularly polarized (RCP,+) and
left-circularly polarized (LCP,−) waves are m
(±)
1 =
(ǫ1/ǫ0)
1/2(µ1/µ0)
1/2± κ. Hence, for a real positive κ, it
is possible to obtain negative refraction for LCP waves
even if the real parts of ǫ1 and µ1 are positive [8].
The constitutive relations in Eqs. (1) and (2) for
time-harmonic fields are based on the symmetrized Con-
don relations as discussed by Silverman [19, 20]. Fol-
lowing [15], the constitutive parameters of a single-
resonance chiral metamaterial are [21]:
ǫ1(ω) = ǫ0
[
1−
ω2p
ω2 − ω20 + ıΓω
]
, (3)
µ1(ω) = µ0
[
1−
Fω2
ω2 − ω20 + ıΓω
]
, (4)
κ(ω) =
Aω
ω2 − ω20 + ıΓω
, (5)
where ωp and ω0 are the plasma and resonance frequen-
cies of the resonators, F is a dimensionless filling factor
in one unit cell (0 < F < 1), Γ is a dissipative coefficient
and A = ±ωpF
1/2 [15, 21]. Both µ1 and κ depend on
the filling factor F ; in particular, |κ|2 ∝ F . To guar-
antee the validity of these constitutive parameters, we
assume that the relevant wavelength within the sphere
is much longer than the lattice constant associated with
one unit cell of the uncoupled helical resonators [21].
2.A. Energy density in single-resonance chiral meta-
material
For a harmonic wave in a medium [ǫ1(ω), µ1(ω), κ(ω)],
described by Eqs. (1)–(5), the time-averaged EM energy
density is
〈u〉t =
1
4
[
ǫeff |E1|
2 + µeff |H1|
2 +
2
c
Re (κeffE
∗
1 ·H1)
]
,(6)
where the effective energy coefficients are given by [13,
15]
ǫeff(ω) = ǫ0
[
1 +
ω2p
(
ω20 + ω
2
)
(ω20 − ω
2)
2
+ Γ2ω2
]
, (7)
µeff(ω) = µ0
[
1 +
Fω2
(
3ω20 − ω
2
)
(ω20 − ω
2)
2
+ Γ2ω2
]
, (8)
κeff(ω) = −
Aω
(
Γω + 2ıω20
)
(ω20 − ω
2)
2
+ Γ2ω2
. (9)
Under the lossless assumption (Γ = 0), these co-
efficients assume the well-known form [22]: ǫeff =
∂(ωǫ1)/∂ω > 0, µeff = ∂(ωµ1)/∂ω > 0 and κeff =
ı∂(ωκ)/∂ω, with ǫeffµeff > κ
2
eff . Therefore, the time-
averaged EM energy 〈W 〉t within the metamaterial
sphere is obtained from the integration of Eq. (6) with
respect to the volume of the particle:
〈W 〉t =
∫ 2pi
0
dφ
∫ 1
−1
d(cos θ)
∫ a
0
dr r2 〈u〉t , (10)
where r is the radial variable, and θ and φ are the polar
and azimuthal angle variables in a spherical coordinates
system centered in the sphere, respectively, and 〈u〉t =
〈u〉t(r, cos θ, φ) is given by Eq. (6). We emphasize that
Eqs. (7)–(9) are not general, since they are derived for a
special kind of CMM medium with constitutive relations
and parameters given in Eqs. (1)–(5).
2.B. Electromagnetic scattering by an optically ac-
tive sphere
The exact solution for the EM wave scattering by an op-
tically active sphere is developed in [16]. Here, we gen-
eralize this solution to dispersive media that are both
chiral and magnetic, and explicitly calculate the mul-
tipole moments associated with the internal EM field.
Following [16], the sphere constitutive equations are
D1 = ǫ
(DBF)
1 (E1 + β∇×E1) , (11)
B1 = µ
(DBF)
1 (H1 + β∇×H1) , (12)
which are known as Drude-Born-Fedorov (DBF) rela-
tions [23, 24]. The quantities ǫ
(DBF)
1 , µ
(DBF)
1 and β are
phenomenological coefficients that describe the optical
activity. Equations (11) and (12) are different from the
corresponding constitutive Eqs. (1) and (2). However,
assuming the time-harmonic dependence e−ıωt, the curl
macroscopic Maxwell’s equations ∇ × E1 = ıωB1 and
∇ ×H1 = −ıωD1 hold for both set of constitutive re-
lations. Setting α = βω and γ = κ/c, one can easily
demonstrate that the Condon and DBF constitutive re-
lations are equivalent by the substitutions [23, 24]
ǫ
(DBF)
1 = ǫ1 −
γ2
µ1
, (13)
µ
(DBF)
1 = µ1 −
γ2
ǫ1
, (14)
α =
γ
ǫ1µ1 − γ2
, (15)
3with inverse relations [24]: ǫ1 = ǫ
(DBF)
1 /ζ, µ1 =
µ
(DBF)
1 /ζ and γ = αǫ
(DBF)
1 µ
(DBF)
1 /ζ, where ζ =
1− α2ǫ
(DBF)
1 µ
(DBF)
1 .
The relations above between the constitutive param-
eters in DBF approach and Eqs. (1) and (2) allow us to
write the Lorenz-Mie quantities in the system of param-
eters [ǫ
(DBF)
1 , µ
(DBF)
1 , β] and calculate the time-averaged
EM energy in the system of parameters (ǫ1, µ1, κ). Ac-
cording to [16, 25], we can relate these phenomenological
coefficients to the complex refractive indices mL and mR
through
β =
1
2
(
1
kR
−
1
kL
)
, (16)
ω
[
ǫ
(DBF)
1 µ
(DBF)
1
]1/2
=
[
1
2
(
1
kR
+
1
kL
)]−1
, (17)
where kq = kmq is the wave number in the active
medium [ǫ
(DBF)
1 , µ
(DBF)
1 , β], with q is either L or R
for refractive indices associated with left-circularly po-
larized (LCP,−) or right-circularly polarized (RCP,+)
waves, respectively, and k is the incident wave num-
ber. Explicitly, one has 1/kR = 1/k
(DBF)
1 + β and
1/kL = 1/k
(DBF)
1 −β, with k
(DBF)
1 = ω[ǫ
(DBF)
1 µ
(DBF)
1 ]
1/2.
Since the real parts of ǫ
(DBF)
1 and µ
(DBF)
1 can both as-
sume negative values, it is convenient to write k
(DBF)
1 =
ω[ǫ
(DBF)
1 ]
1/2[µ
(DBF)
1 ]
1/2.
The macroscopic Maxwell’s equations for harmonic
waves in DBF approach are (∇2 + K2)(E1,H1)
T =
(0,0)T , ∇× (E1,H1)
T = K(E1,H1)
T , ∇ · (E1,H1)
T =
(0, 0)T , where [25]
K =
ıω
ζ
(
−ıαǫ
(DBF)
1 µ
(DBF)
1 µ
(DBF)
1
−ǫ
(DBF)
1 −ıαǫ
(DBF)
1 µ
(DBF)
1
)
.
To diagonalize K and simplify the system of equa-
tions, one can use a linear transformation of the
EM field [16, 25]: (E1,H1)
T = A(QL,QR)
T , with
A−1KA =
(
kL 0
0 −kR
)
, where A =
(
1 αR
αL 1
)
, αR =
−ı[µ
(DBF)
1 /ǫ
(DBF)
1 ]
1/2 and αL = −1/αR. The EM left-
handed and right-handed waves QL and QR, respec-
tively, are the vector basis for the Bohren’s decom-
position scheme and independently satisfy the vector
Helmholtz equation (∇2+ k2)Q = 0, with ∇×Q = kQ
and ∇ ·Q = 0, where k = kL for Q = QL and k = −kR
for Q = QR. Solving these equations for the trans-
formed fields Q and returning to the original internal
EM field (E1,H1)
T , one obtains in the spherical coordi-
nates system (r, θ, φ) the electric field components:
E1r =
∞∑
n=1
En sin θn(n+ 1)πn{
ψn(ρL)
ρ2L
[fon sinφ+ fen cosφ]
−αR
ψn(ρR)
ρ2R
[gon sinφ+ gen cosφ]
}
, (18)
E1θ =
∞∑
n=1
En
{
cosφ
ρL
[fonπnψn(ρL) + fenτnψ
′
n(ρL)]
+
sinφ
ρL
[fonτnψ
′
n(ρL)− fenπnψn(ρL)]
+αR
cosφ
ρR
[gonπnψn(ρR)− genτnψ
′
n(ρR)]
−αR
sinφ
ρR
[gonτnψ
′
n(ρR) + genπnψn(ρR)]
}
,(19)
E1φ =
∞∑
n=1
En
{
cosφ
ρL
[fonπnψ
′
n(ρL)− fenτnψn(ρL)]
−
sinφ
ρL
[fonτnψn(ρL) + fenπnψ
′
n(ρL)]
−αR
cosφ
ρR
[gonπnψ
′
n(ρR) + genτnψn(ρR)]
−αR
sinφ
ρR
[gonτnψn(ρR)− genπnψ
′
n(ρR)]
}
,(20)
where En = E0ı
n(2n + 1)/[n(n + 1)], ρq = kqr, with
q is either L or R, and E0 is the amplitude of the in-
cident EM wave. The corresponding magnetic field H1
is obtained from Eqs. (18)–(20) by replacing (fn, αRgn)
with (αLfn, gn). The radial functions ψn(ρ) = ρjn(ρ)
and ξn(ρ) = ρ[jn(ρ) + ıyn(ρ)] are the Riccati-Bessel
and Riccati-Hankel functions, respectively, where jn and
yn are the spherical Bessel and Neumann functions.
The angular functions are πn = P
1
n(cos θ)/sin θ and
τn = dP
1
n(cos θ)/dθ, with P
1
n(cos θ) being the associated
Legendre function of first order. Expansions of the inci-
dent and scattered EM fields in terms of vector spherical
harmonics can be found in [25].
Using Bohren’s notation [16], the Lorenz-Mie coeffi-
4cients for the splitted internal fields are:
fon =
ımLW
(R)
n
W
(L)
n V
(R)
n +W
(R)
n V
(L)
n
, (21)
fen =
mLV
(R)
n
W
(L)
n V
(R)
n +W
(R)
n V
(L)
n
, (22)
gon =
−ımRW
(L)
n αL
W
(L)
n V
(R)
n +W
(R)
n V
(L)
n
, (23)
gen =
mRV
(L)
n αL
W
(L)
n V
(R)
n +W
(R)
n V
(L)
n
, (24)
V (q)n = ψn(mqx)ξ
′
n(x)− m˜ξn(x)ψ
′
n(mqx) , (25)
W (q)n = m˜ψn(mqx)ξ
′
n(x)− ξn(x)ψ
′
n(mqx) , (26)
where x = ka is the size parameter and the effective
impedance index m˜ is
m˜ =
[
µ0ǫ
(DBF)
1
ǫ0µ
(DBF)
1
]1/2
=
µ0
µ
(DBF)
1
[
1
2
(
1
mR
+
1
mL
)]−1
,
with m = m˜µ
(DBF)
1 /µ0 being the effective re-
fractive index associated with the chiral medium
[ǫ
(DBF)
1 , µ
(DBF)
1 , β]. In particular, if the medium is non-
magnetic [µ
(DBF)
1 = µ0], one has m = m˜ [25]. The inter-
nal coefficients gon and gen have dimensions of αL and,
thereby, it is expected to appear in the dimensionless
calculated quantities the products αRgon and αRgen.
2.C. Electromagnetic energy within chiral spheres
To calculate the time-averaged EM energy within a
spherical particle, we follow the same procedure of [14,
26–28]. We define the partial contributions to the aver-
age EM energy 〈W 〉t, since this quantity can be written
as a sum of the electric, magnetic and magnetoelectric
coupling terms:
〈W 〉t = 〈WE〉t + 〈WH〉t + 〈WEH〉t , (27)
where 〈WE〉t = ǫeff
∫
V
d3r|E1|
2/4, 〈WH〉t =
µeff
∫
V
d3r|H1|
2/4 and 〈WEH〉t =
∫
V
d3rRe(σeffH1 ·
E∗1)/2c, with the region of integration V being the
volume of the chiral sphere. For a sphere with ra-
dius a having the same optical properties as the
surrounding medium (ǫ0, µ0), the average EM energy is
〈W0〉t = 2πa
3ǫ0|E0|
2/3 [26, 27].
In particular, consider the radial and angular contri-
butions to the electric energy: 〈WE〉t = 〈WEr〉t+〈WEθ+
WEφ〉t. Explicitly, the radial contribution is
〈WEr〉t =
ǫeff
4
∫ 2pi
0
dφ
∫ 1
−1
d(cos θ)
∫ a
0
dr r2|E1r |
2
=
3
4a3
〈W0〉t
ǫeff
ǫ0
∞∑
n=1
n(n+ 1)(2n+ 1)
∫ a
0
dr
{(
|fon|
2
+ |fen|
2
) |jn(ρL)|2
|kL|2
+ |αR|
2
(
|gon|
2
+ |gen|
2
) |jn(ρR)|2
|kR|2
− 2Re
[
α∗R (fong
∗
on + feng
∗
en)
jn(ρL)jn(ρ
∗
R)
kLk∗R
]}
,
(28)
where we have used (2n+ 1)
∫ 1
−1
d(cos θ)πnπn′ sin
2 θ =
2n(n+ 1)δn,n′ to simplify this expression [25, 27]. Anal-
ogously, the angular contribution to the electric energy
is 〈WEθ +WEφ〉t = ǫeff
∫
V
d3r(|E1θ |
2 + |E1φ|
2)/4, which
leads
〈WEθ +WEφ〉t =
3
4a3
〈W0〉t
ǫeff
ǫ0
∞∑
n=1
(2n+ 1)
∫ a
0
dr
{(
|fon|
2 + |fen|
2
) |ψn(ρL)|2 + |ψ′n(ρL)|2
|kL|2
+ |αR|
2 (
|gon|
2 + |gen|
2
) |ψn(ρR)|2 + |ψ′n(ρR)|2
|kR|2
− 2Re
[
α∗R (fong
∗
on + feng
∗
en)
ψ′n(ρL)ψ
′
n(ρ
∗
R)− ψn(ρL)ψn(ρ
∗
R)
kLk∗R
]}
,
(29)
where we have used the following relations [27]:
(2n+ 1)
∫ 1
−1
d(cos θ)(πnπn′ + τnτn′) = 2n
2(n+ 1)2δn,n′
and
∫ 1
−1 d(cos θ)(πnτn′ + τnπn′) = 0.
From recurrence relations involving spherical Bessel
functions, (2n+1)jn(ρ) = ρ[jn−1(ρ)+jn+1(ρ)] and (2n+
1)j′n(ρ) = njn−1(ρ)− (n+ 1)jn+1(ρ) [27], we obtain
(2n+ 1)
ρAρ∗B
[n(n+ 1)jn(ρA)jn(ρ
∗
B) + ψ
′
n(ρA)ψ
′
n(ρ
∗
B)]
= njn+1(ρA)jn+1(ρ
∗
B) + (n+ 1)jn−1(ρA)jn−1(ρ
∗
B) ,
(30)
where A and B can be either L or R. Note that the
left-hand side of Eq. (30) appears when we calculate the
average electric energy 〈WE〉t as the sum of Eqs. (28)
and (29). Indeed, the right-hand side of Eq. (30) is used
to simplify the calculations, once we have the analytical
5solution for the integral [27, 29]∫ a
0
dr r2jn(ρA)jn(ρ
∗
B)
= a3
[y∗Bjn(yA)j
′
n(y
∗
B)− yAjn(y
∗
B)j
′
n(yA)]
y2A − y
∗2
B
,
(31)
with yA = mAx, yB = mBx, and we assumemA 6= ±m
∗
B.
For mA = ±m
∗
B, the L’Hospital’s rule provides [27]
lim
mA→±m∗B
∫ a
0
dr r2jn(mAkr)jn(m
∗
Bkr)
=
a3ı(−1±1)n
2
[
j2n(yA)− jn−1(yA)jn+1(yA)
]
.
(32)
Therefore, defining the dimensionless functions
I(AB)n =
1
a3
∫ a
0
dr r2jn(mAkr)jn(m
∗
Bkr) , (33)
F
(AB)
n,± = nI
(AB)
n+1 + (n+ 1)I
(AB)
n−1 ± (2n+ 1)I
(AB)
n ,(34)
S(±) =
∞∑
n=1
{(
|fon|
2 + |fen|
2
)
F
(LL)
n,+
+ |αR|
2
(
|gon|
2
+ |gen|
2
)
F
(RR)
n,+
±2Re
[
α∗R (fong
∗
on + feng
∗
en)F
(LR)
n,−
]}
, (35)
and summing 〈WE〉t = 〈WEr〉t + 〈WEθ +WEφ〉t, from
Eqs. (28) and (29), and using Eq. (30), we finally obtain
〈WE〉t
〈W0〉t
=
3
4
ǫeff
ǫ0
SE , (36)
where SE = S
(−) is a sum associated with the volume
integral of |E1|
2. Analogously, from the calculations
of 〈WH〉t = 〈WHr〉t + 〈WHθ + WHφ〉t and 〈WEH〉t =
〈WEHr〉t + 〈WEHθ +WEHφ〉t, we obtain the magnetic
and magnetoelectric coupling terms:
〈WH〉t
〈W0〉t
=
3
4
|m˜|
2 µeff
µ0
SH , (37)
〈WEH〉t
〈W0〉t
=
3
2
Im (m˜κeffSEH) , (38)
where SH = S
(+) and
SEH =
∞∑
n=1
{(
|fon|
2
+ |fon|
2
)
F
(LL)
n,+
− |αR|
2
(
|gon|
2
+ |gen|
2
)
F
(RR)
n,+
−2ıIm
[
α∗R (fong
∗
on + feng
∗
en)F
(LR)
n,−
]}
(39)
are related to the volume integrals of |H1|
2 and (E∗1 ·H1),
respectively. In Eq. (39), we have considered the fact
that (µ0/ǫ0)
1/2 = ım˜αR. Equations (36)–(38) are the
main analytical results of this study. Together with the
constitutive relations and parameters associated with a
single-resonance CMM, Eqs. (1)–(5) and Eqs. (7)–(9),
and the transformation relations from this parameters
system to the DBF approach, Eqs. (13)–(15), we can
readily calculate the average EM energy 〈W 〉t within a
CMM sphere. In particular, one can obtain the time-
averaged power loss 〈P 〉t from the internal energy 〈W 〉t
by means of the following substitutions in Eqs. (36)–
(38) [15]:
ǫeff
2
→ ωǫ′′1(ω) = ǫ0
[
Γω2ω2p
(ω20 − ω
2)
2
+ Γ2ω2
]
, (40)
µeff
2
→ ωµ′′1(ω) = µ0
[
ΓFω4
(ω20 − ω
2)
2
+ Γ2ω2
]
, (41)
κeff
2
→ ıωκ′′(ω) =
−ıΓAω3
(ω20 − ω
2)
2
+ Γ2ω2
, (42)
where (ǫ′′1 , µ
′′
1 , κ
′′) = Im(ǫ1, µ1, κ), i.e., the imaginary
parts of the constitutive quantities. Also, the scatter-
ing, extinction and absorption efficiencies are calculated,
respectively, as follows [25]:
Qsca,± =
2
x2
∞∑
n=1
(2n+ 1)
{
|an|
2 + |bn|
2 + 2|cn|
2
±2Im [(an + bn) c
∗
n]
}
, (43)
Qext,± =
2
x2
∞∑
n=1
(2n+ 1)Re (an + bn ± 2ıcn) , (44)
Qabs,± = Qext,± −Qsca,± , (45)
where the signal “+” is chosen for RCP waves and “−”
for LCP ones, and the scattering Lorenz-Mie type coef-
ficients an, bn, cn and dn are:
an =
V
(R)
n A
(L)
n + V
(L)
n A
(R)
n
W
(L)
n V
(R)
n +W
(R)
n V
(L)
n
, (46)
bn =
W
(R)
n B
(L)
n +W
(L)
n B
(R)
n
W
(L)
n V
(R)
n +W
(R)
n V
(L)
n
, (47)
cn = ı
W
(R)
n A
(L)
n −W
(L)
n A
(R)
n
W
(L)
n V
(R)
n +W
(R)
n V
(L)
n
, (48)
dn = −cn , (49)
A(q)n = m˜ψn(mqx)ψ
′
n(x)− ψn(x)ψ
′
n(mqx) , (50)
B(q)n = ψn(mqx)ψ
′
n(x) − m˜ψn(x)ψ
′
n(mqx) . (51)
The mean absorption efficiency Qabs due to both RCP
and LCP waves is given by Qabs = (Qabs,L +Qabs,R)/2.
Following [14, 30], the power loss 〈P 〉t is proportional
to Qabs, and, thereby, depends on SE , SH and SEH
calculated above. We have analytically obtained that
the exact relation between the internal fields and the
6absorption efficiency is
Qabs =
8x
3
[
ǫ′′1
ǫeff
〈WE〉t
〈W0〉t
+
µ′′1
µeff
〈WH〉t
〈W0〉t
+
3
2
Re (m˜κ′′SEH)
]
= 2x
[
ǫ′′1
ǫ0
SE + |m˜|
2 µ
′′
1
µ0
SH + 2Re (m˜κ
′′SEH)
]
, (52)
where x = ka is the size parameter. For weakly absorb-
ing spheres with positive refractive index m = m′+ ım′′
(m′′ ≪ m′), it is well-known that 〈W 〉t/〈W0〉t ≈
(8/3)m′x(Qabs/m
′′) [26, 27]. Therefore, in the weak
absorption regime, one can approximately calculate the
behavior of the internal energy 〈W 〉t from Qabs.
3. Numerical calculations
Here we present numerical calculations obtained from a
computer code written for the free software Scilab 5.3.3.
According to Zhao et al. [21], we choose realistic param-
eters for the CMM sphere in the frequency range of Ter-
ahertz: ω0 = ωp = 2 THz and Γ = 0.05ω0. The validity
of the effective constitutive quantities (ǫ1, µ1, κ) is guar-
anteed for size parameters x = ka ≤ 1. For ω ∼ 1012 Hz,
ka < 1 is satisfied for a ∼ 10−4 m.
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Fig. 1. EM scattering by a CMM sphere with radius a =
10−4 m and f0 = ω0/(2pi) ≈ 0.32 THz (ωp = ω0) as a func-
tion of the frequency. (a) The real part of the LCP refractive
index mL for three chirality parameters κ(ω) with filling fac-
tors F = 0.1, 0.5, 0.9. (b) The corresponding LCP extinction
efficiency Qext,L. There is no negative refractive indices for
these parameters.
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Fig. 2. EM scattering by a CMM sphere with radius a =
10−4 m and f0 = ω0/(2pi) ≈ 0.32 THz as a function of the
frequency. (a) The real part of the RCP refractive index
mR for three chirality parameters κ(ω) with filling factors
F = 0.1, 0.5, 0.9. (b) The corresponding RCP extinction
efficiency Qext,R. The negative refractive indices for RCP
waves occur for f > f0.
In Figs. 1 and 2, we show the extinction efficiencies
and the associated refractive indices for LCP and RCP
waves, respectively, corresponding to EM scattering by a
CMM sphere with effective parameters given by Eqs (3)–
(5). Three values of the filling parameter F are consid-
ered here: F = 0.1, 0.5, 0.9. Note that the real part of
mL in Fig. 1(a) does not assume negative values in this
frequency range and decreases with the filling parameter
F for f < f0 ≈ 0.32 THz, and increases for frequencies
right above f0 (f = 0.4 THz to 0.5 THz). As it can
be noted in Fig. 1(b), Qext,L decreases with increasing
the chirality parameter |κ| ∝ F 1/2. The opposite is ob-
served in Fig. 2. For frequencies above f0 ≈ 3.2 THz,
the real part of mR is negative and |mR| increases with
the chirality parameter κ, Fig. 2(a). This leads to an
enhancement in Qext,R, Fig. 2(b), where the resonance
peak for Re(mR) < 0 is displaced to high frequencies.
An interesting result is obtained when we calculate
the internal energy, Fig. 3(a). Note that, although the
mean extinction efficiency Qext = (Qext,L + Qext,R)/2
in Fig. 3(b) is increasing with the chirality parameter
κ for f > f0 and Re(mR) < 0, the internal energy is
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Fig. 3. EM scattering by a CMM sphere with radius a =
10−4 m and f0 = ω0/(2pi) ≈ 0.32 THz as a function of the
frequency. (a) Average energy inside the CMM sphere for
filling parameters F = 0.1, 0.5, 0.9. (b) The corresponding
mean extinction efficiency Qext. The decrease in 〈W 〉t for
f > f0 coincides with the increase of Qext.
decreasing simultaneously. For a sufficiently strong chi-
rality parameter, the LCP waves tend to be suppressed,
as can be seen in Fig. 1(a). Correspondingly, strong chi-
rality favors the reflection of RCP waves on the interface
between the CMM sphere and the surrounding medium.
Since Qext increases as κ increases for Re(mR) < 0, we
conclude that incident waves are strongly reflected by
the surface of the sphere and, for this reason, do not
contribute to the internal energy.
In Fig. 4, we use the same parameters as above, as-
suming now F = 0.8 (“strong” chirality) as a function
of the absorption coefficient Γ = Gω0, where G = 0.05,
0.005, 0.0005. Here, we notice some regions where
weak absorption (Qabs ≈ 0) leads to weak extinction
(Qext ≈ 0), and increases the amount of energy stored
in the CMM sphere. This effect occurs above f0, in
the range 0.37 THz< f < 0.40 THz, see Figs. 4(a) and
4(b). For f ≈ 0.37 THz, Qabs and Qext almost vanish
for G = 0.0005, but the value of 〈W 〉t in Fig. 4(c) is
still large. In addition, there are resonance peaks in the
internal energy around f0 that do not correspond to a
peak in Qext, such as the one at f ≈ 0.28 THz. This
0.2 0.3 0.4 0.5 0.6
0
1
2
3
4
(a)
 f (THz)
 
 
Q
ab
s
 G = 0.05
 G = 0.005
 G = 0.0005 
0.2 0.3 0.4 0.5 0.6
0
5
10
15
(b)
 f (THz)
 
 
Q
ex
t
 G = 0.05
 G = 0.005
 G = 0.0005 
0.2 0.3 0.4 0.5 0.610
0
101
102
103
104 (c)
 f (THz)
 
 
<W
/W
0>
 G = 0.05
 G = 0.005
 G = 0.0005 
Fig. 4. CMM sphere with radius a = 10−4 m, filling factor
F = 0.8 and ω0 = ωp = 2 THz as a function of frequency and
the absorption parameter G = 0.05, 0.005, 0.0005. (a) The
mean absorption efficiency Qabs. (b) The mean extinction
efficiency Qext. (c) The internal energy 〈W 〉t. For f > f0 ≈
0.32 THz, a decrease in Qabs and Qext do not necessarily
coincide with a decrease in 〈W 〉t.
behavior is indicated by a solid arrow in Figs. 4(b) and
4(c) and suggests the existence of off-resonance field en-
hancement within the sphere. These resonances are re-
lated to interferences between two different Lorenz-Mie
type coefficients, such as fng
∗
n in 〈W 〉t, Eq. (35), and
anc
∗
n in Qsca, Eq. (43), and are explained in terms of
the Fano effect [31]. This effect also occurs for coated
8spheres containing dispersive Drude-like materials with
low absorption [32].
4. Conclusions
We have calculated the time-averaged energy inside a
CMM sphere using a set of dispersive realistic parame-
ters provided by an effective medium theory [21]. Us-
ing the decomposition of the EM field in LCP and
RCP waves [16], we have obtained the internal fields
for the magnetic case and the respective Lorenz-Mie co-
efficients in DBF approach. Since the energy density in
an isotropic chiral media is commonly calculated from
the Condon constitutive relations [19], a transformation
of parameters has been applied to obtain the exact ex-
pression for the internal energy. We have expressed the
absorption efficiency in terms of the internal energy and
the constitutive parameters. Although the internal en-
ergy decreases with the chirality parameter in the region
of negative refraction for RCP waves, the mean extinc-
tion efficiency increases as the chirality parameter in-
creases. Our results reveal that, in the small-particle
limit, off-resonance field enhancement occurs for weakly
absorbing spheres with strong chirality. We show that
this effect is due to field interferences between different
multipolar moments, which lead to Fano resonances in
electromagnetic scattering. We hope that our findings
could be exploited in applications involving dispersive
CMM scatterers and Fanoshells.
Acknowledgments
The authors acknowledge the Brazilian agencies for
support. TJA holds grants from Fundac¸a˜o de Am-
paro a` Pesquisa do Estado de Sa˜o Paulo (FAPESP)
(2010/10052-0), ASM from Conselho Nacional de
Desenvolvimento Cient´ıfico e Tecnolo´gico (CNPq)
(305738/2010-0), and FAP from Fundac¸a˜o de Amparo
a` Pesquisa do Estado do Rio de Janeiro (FAPERJ) (E-
26/111.463/2011).
References
[1] D. R. Smith, W. J. Padilla, D. C. Vier, S. C. Nemat-
Nasser, and S. Schultz, “Composite medium with si-
multaneously negative permeability and permittivity,”
Phys. Rev. Lett. 84, 4184-4187 (2000).
[2] D. R. Smith, J. B. Pendry, and M. C. K. Wiltshire,
“Metamaterials and negative refractive index,” Science
305, 788-792 (2004).
[3] C. Enkrich, M. Wegener, S. Linden, S. Burger, L.
Zschiedrich, F. Schmidt, J. F. Zhou, Th. Koschny, and
C. M. Soukoulis, “Magnetic metamaterials at telecom-
munication and visible frequencies,” Phys. Rev. Lett.
95, 203901 (2005).
[4] W. Cai, U. K. Chettiar, H. K. Yuan, V. C. de Silva, A.
V. Kildishev, V. P. Drachev, and V. M. Shalaev, “Meta-
magnetics with rainbow colors,” Opt. Express 15, 3333-
3341 (2007).
[5] J. B. Pendry, D. Shurig, and D. R. Smith, “Controlling
electromagnetic fields,” Science 312, 1780-1782 (2006).
[6] U. Leonhardt, “Optical conformal mapping,” Science
312, 1777-1780 (2006).
[7] N. Zheludev and N. Papasimakis, “Metamaterial-
induced transparency: Sharp Fano resonances and slow
light,” Opt. Phot. News, 20, 22-27 (2009).
[8] J. B. Pendry, “A chiral route to negative refraction.”
Science 306, 1353-1355 (2004).
[9] R. Loudon, “The propagation of electromagnetic energy
through an absorbing dielectric,” J. Phys. A: Gen. Phys.
3, 233-245 (1970).
[10] R. Ruppin, “Electromagnetic energy density in a dis-
persive and absorptive material,” Phys. Lett. A. 299,
309-312 (2002).
[11] S. A. Tretyakov, “Electromagnetic field energy density
in artificial microwave materials with strong dispersion
and loss,” Phys. Lett. A 343, 231-237 (2005).
[12] A. D. Boardman and K. Marinov, “Electromagnetic en-
ergy in a dispersive metamaterial,” Phys. Rev. B 73,
165110 (2006).
[13] P. G. Luan, “Power loss and electromagnetic energy den-
sity in a dispersive metamaterial medium,” Phys. Rev.
E 80, 046601 (2009).
[14] T. J. Arruda, F. A. Pinheiro, A. S. Martinez, “Electro-
magnetic energy within coated spheres containing dis-
persive metamaterials,” J. Opt. 14, 065101 (2012).
[15] P. G. Luan, Y. T. Wang, S. Zhang, and X. Zhang, “Elec-
tromagnetic energy density in a single-resonance chiral
metamaterial,” Opt. Lett. 36, 675-677 (2011).
[16] C. F. Bohren, “Light scattering by an optically active
sphere,” Chem. Phys. Lett. 29, 458-462 (1974).
[17] F. A. Pinheiro, A. S. Martinez, and L. C. Sampaio, “New
effects in light scattering in disordered media and coher-
ent backscattering cone: system of magnetic particles,”
Phys. Rev. Lett. 84, 1435-1438 (2000).
[18] F. A. Pinheiro, A. S. Martinez, and L. C. Sampaio,
“Vanishing of energy transport velocity and diffusion
constant of electromagnetic waves in disordered mag-
netic media,” Phys. Rev. Lett. 85, 5563-5566 (2000).
[19] E. U. Condon, “Theories of optical rotatory power,”
Rev. Mod. Phys. 9, 432-457 (1937).
[20] M. P. Silverman, “Reflection and refraction at the sur-
face of a chiral medium: comparison of gyrotropic consti-
tutive relations invariant or noninvariant under a duality
transformation,” J. Opt. Soc. Am. A 3, 830-837 (1986).
[21] R. Zhao, T. Koschny, and C. M. Soukoulis, “Chiral
metamaterials: retrieval of the effective parameters with
and without substrate,” Opt. Express 18, 14553-14567
(2010).
[22] A. Serdyukov, I. Semchenko, S. Tretyakov, and A. Si-
hvola, Electromagnetics of bi-anisotropic materials. The-
ory and applications (Gordon and Breach Science Pub-
lishers, Amsterdam, 2001).
[23] J. Lekner, “Optical properties of isotropic chiral media,”
Pure Appl. Opt. 5, 417-443 (1996).
[24] A. Lakhtakia, V. V. Varadan, and V. K. Varadan, “Field
equations, Huygens’s principle, integral equations, and
theorems for radiation and scattering of electromagnetic
waves in isotropic chiral media,” J. Opt. Soc. Am. A 5,
175-184 (1988).
[25] C. F. Bohren and D. R. Huffman, Absorption and Scat-
tering of Light by Small Particles (Wiley, New York,
1983).
[26] A. Bott and W. Zdunkowski, “Electromagnetic energy
within dielectric spheres,” J. Opt. Soc. Am. A 4, 1361-
1365 (1987).
9[27] T. J. Arruda and A. S. Martinez, “Electromagnetic en-
ergy within a magnetic sphere,” J. Opt. Soc. Am. A 27,
992-1001 (2010).
[28] T. J. Arruda and A. S. Martinez, “Electromagnetic en-
ergy within a magnetic infinite cylinder and scattering
properties for oblique incidence,” J. Opt. Soc. Am. A
27, 1679-1687 (2010).
[29] G. N. Watson, A Treatise on the Theory of Bessel Func-
tions (University Press, Cambridge, 1958).
[30] R. Ruppin, “Electric and magnetic energies within
dispersive metamaterial spheres,” J. Opt. 13, 095101
(2011).
[31] B. Luk’yanchuk, N. I. Zheludev, S. A. Maier, N. J. Ha-
las, P. Nordlander, H. Giessen, and C. T. Chong, “The
Fano resonance in plasmonic nanostructures and meta-
materials,” Nature Mater. 9, 707-715 (2010).
[32] A. E. Miroshnichenko, “Off-resonance field enhance-
ment by spherical nanoshells,” Phys. Rev. A 81, 053818
(2010).
